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poses challenges for both reservoir simulation (Peters
et al 2018) and well test interpretation.

ABSTRACT
Radial Jet Drilling (RJD) is a well stimulation
technique in which many small-diameter laterals are
created from a vertical or deviated main wellbore. The
laterals can be up to 100 m long. Interpreting well test
results from the multi-lateral well geometry resulting
from RJD, requires a model that accurately captures
pressure transients. Standard approaches, using semianalytic solutions based on vertical or horizontal wells
may obscure the well test interpretation for multi-lateral
wells as interference between well segments and the
spatial extent of a multi-lateral well is not accounted
for. A semi-analytic solution approach will be
explained and demonstrated that explicitly incorporates
the complex geometry of an RJD well and solves for
the pressure transients. The solution approach solves
rigorously for the space and time dependency of the
(well) pressure described by the diffusivity equation.
The solution method is based on an Analytic Element
Method that constructs the full pressure solution using
point source solutions as building blocks. The explicit
modelling of the well geometry potentially enables to
retrieve from well test data improved insight in the
realised well configuration such as the spatial extent of
laterals and possible failed laterals.

For many well tests, a controllable surface injection or
production rate is changed and the pressure response in
the well is measured. Through matching the pressure
response with a mathematical (semi-analytical or
numerical) model, certain reservoir and well
parameters may be estimated (Kamal 2009, Gringarten
2008). Examples of such parameters are reservoir
permeability, skin factor, reservoir dimensions and
fracture characteristics in case of a naturally fractured
reservoir. Matching well test results, requires a model
that captures transient behaviour. To our knowledge,
semi-analytic models used in well test software are not
capable of incorporating explicitly the complex RJD
well geometry. The standard approach is to use a
vertical or deviated well with a (negative) skin to
incorporate well stimulation effects. Lumping the
additional gain of the jetted laterals into a skin factor is
too coarse for describing early pressure transients as the
extend of a lateral is typically in the order of 10-100 m.
This limits the possibility to estimate RJD well
characteristics and thus to test the effectiveness of the
jetting of the laterals. In particular the reach of the jetted
laterals cannot be analysed using such an approach.

1. INTRODUCTION
A relatively new well stimulation technique is Radial
Jet Drilling (RJD) (e.g. Kamel 2017, Yan et al 2017).
The technique has been applied successfully in oil and
gas wells, but is not been proven in geothermal
applications. With RJD, several small-diameter laterals
of length up to 100 m can be created in a vertical or
deviated main wellbore. The laterals are created using
hydraulic jetting: a jetting nozzle is deployed on coiled
tubing and via a deflecting shoe exits the well at a right
angle. The achieved diameter depends on the rock
properties and is generally in the order of a few cm.
Since the jetting nozzle is not steered, the position and
reach of the jetted laterals or radials is uncertain.
Typical well configurations resulting from RJD are 8 to
16 radials which are grouped in kick-offs with 4 radials
each (Fig. 1). The complex geometry of an RJD well

Figure 1. Illustration of a radial well configuration.
In this paper, the full pressure transient solution for an
RJD well including wellbore storage effects is derived
1
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using a semi-analytic approach. The solution is for
single-phase flow. A strength of the followed approach
is that the geometry of the laterals is explicitly
accounted for. Including the well geometry potentially
allows to estimate the effectiveness of the jetting of the
laterals. For the transient calculations, the Analytical
Element Method (AEM) is used in this work. The AEM
is used in (Egberts and Peters 2015) for steady state
performance calculations for an RJD well and will be
extended here to a transient solution. Advantage of the
followed approach is that it allows to include the effect
of wellbore storage and naturally extends to dual
porosity reservoirs.
The semi-analytic approach is successfully validated
with a numerical model with a very fine grid allowing
to represent the well explicitly. As demonstration of the
developed method several pressure and pressure
derivative type curves for well test interpretation are
shown. This work is largely based on (Peters et al.,
2019).
2. SOLUTION APPROACH
To calculate the full pressure transient solution the
diffusivity equation
∇2 𝑝 =

1 𝜕𝑝

[1]

𝜂 𝜕𝑡

needs to be solved with appropriate reservoir and well
𝑘
boundary conditions. In Eq. [1], 𝜂 =
is the
𝜑𝜇𝑐𝑡

diffusivity coefficient. Similarly as we derived the
steady state pressure solution for RJD wells in (Egberts
and Peters 2015), we will construct a solution for the
pressure field from 3D point source solutions exploiting
the principle of superposition (Fokker and Verga 2008).
One may derive a transient point source solution
solving Eq. [1], however we choose to solve the
problem in the Laplace domain as the formulation and
solution simplifies. This comes at the additional cost of
the numerical Laplace inversion needed to arrive at a
pressure solution in the time domain. Before applying
the Laplace transform, Eq. [1] is rephrased using
dimensionless time, space and pressure variables. This
is also convenient to generalize the solution approach
to natural fractured reservoirs with a dual porosity
description (not discussed in this paper). Defining the
dimensionless quantities
𝑡𝐷 =

𝜂
2
𝑟𝑤

𝑡, 𝑟𝐷 =

𝑟
𝑟𝑤

and
𝑝𝐷 (𝑡𝐷 , 𝑟𝐷 ) =

2𝜋𝑘ℎ ℎ
𝑞𝑤 𝐵𝑤 𝜇

(𝑝(𝑡, 𝑟) − 𝑝i )

Eq. [1] becomes
∇2𝐷 𝑝𝐷 =

𝜕𝑝𝐷
𝜕𝑡𝐷

[2]

The Laplace transform 𝑓̃ of a function 𝑓 is defined by
∞
𝑓̃(𝑠) = ∫0 𝑒 −𝑠𝑡 𝑓(𝑡)𝑑𝑡

2

[3]

with 𝑠 a real or complex number. Applying the Laplace
transform [3] to Eq. [2] gives a simpler equation as the
time derivative becomes a multiplication in the Laplace
domain:
∇2𝐷 𝑝̃𝐷 = 𝑠𝑝̃𝐷

[4]

The full pressure solution in the Laplace domain will be
constructed from point source solutions of Eq. [4]. A
point source solution of [4] is given by
𝑝̃𝐷 (𝑟𝐷 , 𝑠) = 𝑞𝑝

𝜇
4𝜋𝑘𝑠𝑟𝑤 𝑟𝐷

𝑒 −√𝑠𝑟𝐷

[5]

Here 𝑞𝑝 (m3/s) is the continuous rate at a point source
location 𝑥’ , 𝑝̃𝐷 the pressure solution at a point 𝑥 and
𝑟𝐷 = ‖𝑥 − 𝑥 ′ ‖/𝑟𝑤 with ‖∙‖ the Euclidian norm. In a
similar fashion as the steady state solution is
constructed for an RJD well in (Egberts and Peters
2015), the well is split up in a number of linear
segments and for each segment a solution is derived
through integration of point source solutions [5] along
the segment, thereby allowing for a polynomial varying
flux 𝑞 along the segment (Egberts et al 2013). This
integration is done numerically as no analytic solution
was found. Using the principle of superposition, a
pressure solution (in the Laplace domain) can be
formed for the full RJD well by summing up de
pressure solutions of the segments. This solution will
have multiple degrees of freedom, namely the
coefficients of the polynomials describing the flux
along the well, that can be exploited so as to satisfy a
uniform pressure condition at distributed points along
the well face. No-flow conditions at the top and bottom
of the reservoir are obtained using the method of
images see e.g. (Jelmert 2013, Kamal 2009). The
reservoir is assumed to be described by homogeneous
(average) permeability. Anisotropy is handled by
transforming the reservoir to an equivalent isotropic
reservoir with permeability equal to the geometric
mean of the three directional permeabilities and an
appropriate volume conserving scaling of the space
variables (Egberts et al 2013).
2.1 Numerical Laplace inversion
Having constructed a pressure solution in the Laplace
domain, Laplace inversion is needed to come back to
the time domain. A Laplace inversion method often
used in well test literature is the Gaver-Stehfest method
(Gringarten 2008). This method expresses a function
value at time 𝑡 as a finite sum of weighted transformed
function values, evaluated for only real values 𝑠, see
e.g. (Abate and Whitt 2006). Typically, a function
value in the time domain can be calculated by 8-14
transformed function evaluations using double
precision arithmetic. This method works fine if the
function has no discontinuities or large nonlinear
behaviour otherwise it may be inaccurate (Raoofian
Naeeni et al 2015, Krougly et al 2017). It was found
however that the Gaver-Stehfest method, for the
pressure build up tests presented in this paper, is
efficient and sufficiently accurate.
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2.2 Wellbore storage
Wellbore storage (WBS) effects should be accounted
for to perform a proper well test interpretation for early
times (Gringarten 2008). A well test for which the rate
at surface conditions is taken constant will not instantly
result in a constant rate at reservoir conditions due to
the presence of a compressible liquid inside the well
bore. Effectively this means that the diffusivity
equation for the reservoir needs to be solved with a time
varying pressure boundary condition at the wellreservoir interface. This requires the coupling of the
wellbore and reservoir pressure equations.
We will assume that the controllable surface volume
well rate 𝑞𝑤𝑠 is taken constant. Considering wellbore
storage, the reservoir volume well rate 𝑞𝑤 at reservoir
depth is calculated by
𝑞𝑤 (𝑡) =

𝑞𝑤𝑠 𝐵𝑤

− 𝑐𝑤 𝑉𝑤

𝑑𝑝𝑤
𝑑𝑡

[6]

where 𝐵𝑤 (res. Vol./surf. Vol.) is the formation volume
factor, 𝑉𝑤 the volume of the liquid in the well and 𝑐𝑤
the compressibility of the liquid inside the wellbore. In
dimensionless time Eq. [6] converts to
𝑞𝑤 (𝑡𝐷 ) = 𝑞𝑤𝑠 𝐵𝑤 −

𝜂
2
𝑟𝑤

𝑐𝑤 𝑉𝑤

𝑑𝑝𝑤
𝑑𝑡𝐷

[7]

The diffusivity equation [1] for the pressure in the
reservoir needs to be solved with the time varying rate
𝑞𝑤 as boundary condition. As the pressure solution is
constructed by solving Eq. [4] in the Laplace domain,
the boundary condition is transformed by applying the
Laplace transform to Eq. [7]:
𝑞̃𝑤 (𝑠) =

𝑠𝐵
𝑞𝑤
𝑤

𝑠

−

𝜂
̃𝑤 (𝑠)
2 𝑐𝑤 𝑉𝑤 𝑠𝑝
𝑟𝑤

[8]

The boundary condition that the well is operating at a
time varying reservoir volume rate 𝑞𝑤 (𝑡) is formulated
as a constraint through Eq. [8] for the unknowns
describing the polynomial-shaped well influx along the
well segments.
3. RESULTS
3.1 Base case RJD well
The base case for the validation of the transient AEM
implementation is a RJD well consisting of a fully
penetrating vertical well with 4 orthogonal laterals of
length 100 m each with the same kickoff location at
one-third of the well. The configuration is shown in Fig.
2. The radius 𝑟𝑤 of the vertical well (backbone) is 0.1
m and the radii of the laterals are 0.075 m. The well is
producing during the test period at a constant surface
volume rate of 3600 Sm3/day. It is further assumed that
the pressure at the well face at reservoir depth is
uniform. In case wellbore storage is included in the
calculation a well volume 𝑉𝑤 of 500 m3 is taken.

Figure 2: The base case RJD well configuration.
At the lateral boundary of the reservoir, a constant
pressure is taken equal to the initial reservoir pressure.
At the top and bottom of the reservoir a no-flow
boundary condition is imposed. In Table 1 the reservoir
and water properties are listed.
Table 1: Reservoir and water properties.
Parameter
𝑝𝑖
ℎ
𝑟𝑒
𝑘ℎ
𝑘𝑣
𝜑
𝜇
𝑐𝑤
𝑐𝑡
𝐵𝑤
𝑠
𝑞𝑤

Value
25 MPa
100 m
1134 m
200 mD
20 mD
0.2
0.54 cP
3.28 10-10 1/Pa
8.2763 10-10 1/Pa
1.0159 Rm3/Sm3
3600 Sm3/day

The transient AEM is compared/validated with a
reservoir simulation model with a fine scale grid
permitting an explicit representation of the well in
which the grid size is adjusted to the well diameter. The
reservoir simulator used is the Eclipse® software
(Schlumberger, 2018). The model is described in the
Appendix.
3.2 Validation
The transient solution results of AEM are compared to
an Eclipse simulation in Fig. 3. In this figure the
dimensionless pressure and its derivative are shown in
a log-log plot. These are typical curves used for
analyzing well tests, see e.g. (Kamal 2009, Gringarten
2008). For the Laplace inversion of the pressure build
up, the Gaver-Stehfest algorithm was used, using 8
transformed values to approximate a pressure value at
a single time. It was found that taking 8 transformed
values is computationally efficient and gives
sufficiently accurate results.
We observe from Fig. 3 that the validity of the transient
solution extends to early times beyond the validity
range of the Eclipse simulations.
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benefit of using this tool for interpretation of well tests
results from RJD wells. Because the jetting process is
not steered, the position of the laterals in the reservoir
is highly uncertain (Reinsch et al 2018). By taking into
account the laterals explicitly rather than as a skin, the
well test response can be predicted more accurately and
potentially information can be derived from the well
test about the lateral geometry. For the simulations
discussed below, we consider the base case RJD well
as described in Section 3.1.

Figure 3: Comparison of AEM and Eclipse of the
pressure buildup and its derivative during an injection
test (constant rate). Wellbore storage (WBS) effects are
not included.

In Fig. 4 wellbore storage is included in the simulations.
Three time regions can be identified from the pressure
derivative plot; initially a region where WBS dominates
followed by a transition period between the WBS
region and the region where radial flow has developed.
The radial flow time region starts when the pressure
derivative flattens. For the three time regions, two
linear slopes can be identified. The linear slope for early
times is the WBS effect giving a linear relation between
well pressure and time, see e.g. (Jelmert 2013, Kamal
2009). The second linear slope, is when radial flow is
fully developed, but not hindered yet by boundary
conditions (Infinite Acting Radial Flow).

Figure 5: Pressure and pressure derivative (dashed lines)
type curves for various lengths of the laterals. No wellbore
storage effects are included.

In Fig. 5 well test curves for increasing lateral length
are shown without wellbore storage.

Figure 6: Pressure and pressure derivative (dashed lines)
type curves for various lengths of the laterals. Wellbore
storage effects included.

Figure 4: Comparison of AEM and Eclipse of the
pressure buildup and its derivative during an injection
test (constant rate). Wellbore storage (WBS) effects are
included.

The Figures 3 and 4 shows a good agreement of the
transient AEM with the detailed reservoir model. The
transient behavior of the pressure as calculated by AEM
appears to be valid also for very early times where
Eclipse reaches its limits.
3.3 Well test type curves for RJD wells
In this section we present some well test type curves
obtained from the AEM simulations to illustrate the
4

In Fig. 6 the same curves are shown with wellbore
storage. Both figures clearly show that the development
of radial flow, the time when the pressure derivative
flattens, is later for longer laterals as expected. These
type curves can assist in analyzing well tests for RJD
wells and can give independent information about how
far the laterals have been jetted away from the well. In
particular, differences between a well test prior and
after jetting can be interpreted to identify how far the
laterals reached away from the well. It should be noted
that the observed dependency requires an explicit
treatment of the geometry of the well in the simulations,
as done by the AEM. The figures also illustrate the

Egberts and Peters

effect and relevance of including wellbore storage for
early times.

No Laterals

1 Lateral

2 Laterals (a)

2 Laterals (b)

3 Laterals

4 Laterals

Figure 8: Pressure and pressure derivative (dashed lines)
type curves for various number of laterals, see Fig. 7 for
the well configurations.

Finally, in Fig. 9 type curves are shown for varying
inclination angle. The inclination angle is defined here
as the angle between the lateral and the horizontal plane
and taken positive clockwise; 0° gives horizontal
laterals, 40° gives downwardly pointing laterals almost
touching the bottom reservoir boundary. For the 40°
case an earlier radial flow development can be
observed. Otherwise, the results are similar to
increasing numbers of laterals, reflecting the increased
inflow performance in the laterals due to a higher
exposure to the higher horizontal permeability.

Figure 7: RJD well configurations used in Fig. 8.
In addition to the reach of the laterals, also the number
of laterals strongly impacts the well test response. To
illustrate this, type curves have been generated for an
increasing number of laterals. See Fig. 7 for the used
RJD well configurations.
The type curves are shown in Fig. 8. The development
of radial flow occurs nearly at the same time for all well
configurations except for the well without laterals that
shows a much earlier developed plateau of the pressure
derivative. Obviously, the length of the laterals
determines the timing of radial flow development rather
than the number of laterals. Note also that the two well
configurations with two laterals cannot be
distinguished from the figure as the curves are on top
of each other.

Figure 9: Pressure and pressure derivative (dashed lines)
type curves for various inclinations.

4. CONCLUSIONS
A transient Analytic Element Method (AEM) was
developed to derive the full pressure transient solution
for an RJD well including wellbore storage effects for
the purpose of estimating well and reservoir
characteristics through interpretation of well test data.
A strength of the followed approach is that the
geometry of the laterals is explicitly accounted for in
contrast to standard approaches using a vertical or
deviated well with a (negative) skin to incorporate well
stimulation effects. Including the well geometry
potentially allows to estimate the effectiveness of the
jetting of the laterals, as in particular the lateral reach
may be highly uncertain. The semi-analytic approach
was successfully validated with a reservoir simulation
model with a very fine grid allowing to represent the
well explicitly. As demonstration of the developed
5
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method several pressure and pressure derivative type
curves for well test interpretation are derived.
NOMENCLATURE

𝐵𝑤 = formation volume factor of water, [m3/m3]
𝑐𝑡 = total compressibility, [1/Pa]
𝑐𝑤 = compressibility of fluid in the well, [1/Pa]
𝑓̃
= Laplace transform of a function 𝑓
h = reservoir height, [m]
𝑘
= (isotropic) permeability, [m2]
𝑘ℎ = horizontal permeability, [m3]
𝑘𝑣 = vertical permeability, [m3]
𝑝
= pressure, [Pa]
𝑝𝑖 = initial reservoir pressure, [Pa]
𝑝𝑤 = well pressure, [Pa]
𝑞𝑝 = point source rate, [m3/s]
𝑞𝑤 = vol. well rate at reservoir conditions, [m3/s]
𝑞𝑤𝑠 = vol. well rate at surface conditions, [m3/s]
𝑟
= radial distance, [m]
𝑟𝑤 = well radius, [m]
𝑟𝑒 = external reservoir radius, [m]
𝑠
= Laplace variable
𝑡
= time, [s]
𝑉𝑤 = volume of the liquid in the well, [m3]
𝜂
= diffusivity coefficient, [m2/s]
𝜇
= viscosity, [Pa s]
𝜑 = porosity, [-]
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APPENDIX RESERVOIR MODEL USED FOR
SIMULATING WELL TESTING
The properties and configuration of the RJD well are
the same as those used in Section 3.1; A fully
penetrating vertical well (backbone) with 4 orthogonal
and horizontal laterals at 33 m from the top. The
vertical backbone and the laterals are modelled
explicitly using fine grid blocks with high permeability.
The size of the grid blocks representing the well
determines the well diameter and thus has to be taken
small resulting in a large number of grid blocks for the
entire grid. To reduce CPU time, only ¼ of the near well
area is simulated, as indicated in blue in Fig. 10. Note
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that the flow in this part of the model domain is
symmetrical to the flow in the other three parts. From
the backbone ¼ of the diameter is simulated and for the
laterals half the diameter

a diameter of 0.04 m, a rate of 240 Sm3/d and roughness
of 5 mm, the pressure drop is 7300 Pa/m. Similar values
are achieved in the simulation model, by setting the
permeability in the laterals to 10.000 D.
The boundary conditions of the model are set as
follows: A constant pressure at 758 m and a no-flow top
and bottom boundary condition.
Different grid size distributions were tested in both
horizontal and vertical direction, but this had little
impact on the pressure drop and well test results. In
Table 2 the applied numerical grid is specified.
Table 2. Grid size used in the model.

Figure 10: Overview of the model setup with the RJD well
consisting of a vertical well with 4 perpendicular laterals.

Horizontal direction

The first layer of the model is reserved for representing
the well above the reservoir. Only the grid block
connected to the well is active. All other grid blocks are
inactive. In this active grid block a sink is located to
allow the flow to leave the model. The grid block
containing the sink is only connected to the reservoir
via the grid blocks representing the well. The well
representation will be explained further below.

Number
cells

Both the backbone and laterals are simulated explicitly
with grid blocks of 0.10 x 0.10 m. Thus, the diameter
of the backbone is 0.20 m (four grid blocks of which 1
is simulated). The diameter of the laterals is 0.15 m
(two grid blocks of 0.10 x 0.10 m of which 1 is
simulated). The transmissibility between the sink and
the block is taken very large to avoid pressure drop. The
grid block containing the sink can be used to simulate
wellbore storage by increasing the block volume. For
simulations with wellbore storage, the pore volume of
the well block is multiplied by 1000.

of

Cell
(m)

Vertical direction
size

Number
cells

of

Cell
(m)

10

0.1**

6*

5

10

0.2

4

1.6

10

0.5

4

0.4

10

1

1

0.1**

10

2

5

0.6

10

4

4

1

10

8

12

5

10

16

22

20

size

* For the first layer only the well block is active. All other
grid blocks are set inactive.

** This block is used to represent the well.
Permeability in the direction of the well needs to be set
large to ensure low pressure drop in the well. For
comparison with the results of AEM, which does not
take into account pressure drop in the well, the pressure
drop in the well is minimized. For that, the permeability
in the well grid blocks is set to 10 million D vertically
and 1 million D horizontally. In the top part of the
backbone, where the rate is 3600 Sm3/d, the pressure
drop is 56 Pa/m.
With smaller permeability in the wells, the model can
represent pressure drop in the well by approximating
the pressure drop with Darcy flow instead of the more
appropriate Darcy-Weissbach equation. For a rate of
3600 Sm3/d and a well diameter of 0.15 m, the pressure
drop in the well is estimated as 635 Pa/m (assuming a
roughness of 1 mm) from the Darcy-Weissbach
equation. To get a similar pressure drop in the reservoir
simulation, permeability in the well should be set
around 1 million D. For the laterals, the pressure drop
is highly uncertain, because the rate and roughness are
uncertain. If the pressure drop increases, the
production/injection rate reduces. Also the increase in
pressure drop is highly non-linear which cannot be
represented with the Darcy type flow. For a lateral with

Reservoir and fluid properties are listed in Table 1. The
fluid properties are consistent with a brine of 150.000
ppm at 75°C and 25 MPa. Both viscosity and
compressibility are constant with pressure. The well
flow rate used in the model is 900 Sm3/d to take into
account that only ¼ of the well and reservoir is
simulated.
The results are sensitive to time stepping: due to the
large contrasts in permeability, the time steps have to
be relatively small during the entire period to avoid
numerical instability. At the start, time steps have to be
very small to capture the detailed pressure response
near the well. Time step size starts at 0.864 s and grows
to a maximum time step size of 110.6 s after 0.686 days.
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